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Modiﬁed Gauss–Bonnet, i.e., f (G) gravity is a possible explanation of dark energy. Late time cosmology
for the f (G) gravity non-minimally coupled with a free massless scalar ﬁeld have been investigated
in Ref. [S. Nojiri, S.D. Odintsov, P.V. Tretyakov, Phys. Lett. B 651 (2007) 224, arXiv:0704.2520 [hep-th];
S. Nojiri, S.D. Odintsov, P.V. Tretyakov, Progr. Theor. Phys. Suppl. 172 (2008) 81, arXiv:0710.5232]. In this
Letter we generalize the work of Ref. [S. Nojiri, S.D. Odintsov, P.V. Tretyakov, Phys. Lett. B 651 (2007) 224,
arXiv:0704.2520 [hep-th]; S. Nojiri, S.D. Odintsov, P.V. Tretyakov, Progr. Theor. Phys. Suppl. 172 (2008) 81,
arXiv:0710.5232] by including scalar potential in the matter Lagrangian which is non-minimally coupled
with modiﬁed Gauss–Bonnet gravity. Also we obtain the conditions for having a much more amazing
problem than the acceleration of the universe, i.e. crossing of ω = −1, in f (G) non-minimally coupled
with tachyonic Lagrangian.
© 2009 Published by Elsevier B.V. Open access under CC BY license. 1. Introduction
Recent accelerated expansion of our universe is one the most
signiﬁcant cosmological discoveries over the last decade [1–4].
This acceleration is explained in terms of the so-called dark
energy. Many candidates for the nature of dark energy has been
proposed. The simplest suggestion for dark energy is cosmologi-
cal constant. But it suffers from two kind of problems [5]: ﬁne
tuning and coincidence problem. A dynamical scalar ﬁeld with
quintessence or phantom behavior is another proposal for dark en-
ergy (for reviews see [6]).
An alternative approach for the gravitational origin of dark en-
ergy is coming from modiﬁcation of general relativity (GR) [7–12].
The simplest way for modiﬁcation of GR is to replace Ricci scalar,
R in Einstein–Hilbert action with a general function of the Ricci
scalar which is well known as f (R) gravity [13,14]. For this kind of
modiﬁcation, one assumes that the gravitational action may con-
tain some additional terms which starts to grow with decreasing
curvature and obtain a late time acceleration epoch.
Alternatively one can consider the Lagrangian density as a gen-
eral function of the Ricci scalar ﬁeld and the Gauss–Bonnet invari-
ant, f (R,G) [12,15].
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α′ expansion of heterotic superstring theory, where, α′ is the in-
verse string tension [16], may lead to some interesting results in
cosmology. The four-dimensional Gauss–Bonnet term is a topolog-
ical invariant and thus has no dynamical effect to the ﬁeld equa-
tions if added into the action linearly. To get some contribution in
four-dimensional space–time, one may couple the Gauss–Bonnet
term to a scalar ﬁeld, as naturally appears in low energy effective
action of the string theory [17,18]. The consequences of GB cou-
pling with scalar ﬁeld to the late time universe have been studied
in [19]. Other aspects of GB gravity coupled with scalar ﬁeld such
as avoidance of naked singularities in dilatonic brane world sce-
narios and the problem of ﬁne tuning have been discussed in [20].
In the other side the recent analysis of the type Ia supernovas
data indicates that dark energy equation of state parameter ω (de-
ﬁned as ratio of pressure to energy density) crosses −1 at z = 0.2
from above to below [21], where ω = −1 is the equation of state
for the cosmological constant. The dark energy with ω < −1 is
called phantom dark energy [22], and phantom scalar ﬁeld has
negative kinetic term. However, the equation of state of phantom
scalar ﬁeld is always less than −1 and can not realize crossing
of −1. Also quintessence dark energy with ω > −1 is not suitable
to make the equation of state cross over the ω = −1. In general it
has been proved [23,24], that in single scalar ﬁeld models crossing
of the cosmological constant boundary is impossible.
A possible solution to this problem is hybrid model, composed
of two scalar ﬁelds (quintessence and phantom), and proposed by
Ref. [25]. Also there exist other models to solve this problem such
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inspired models [28] and models including higher order curvature
invariant terms [29]. The possibility of crossing the cosmological
constant boundary through Gauss–Bonnet interaction has been ad-
dressed in [30,31].
In this Letter we use the model proposed in Ref. [32], for dark
energy and late time cosmology. However we include the scalar
ﬁeld potential in the matter-like Lagrangian and show that cos-
mic acceleration may occur in such model for special choices of
scalar ﬁeld and potential. Also we consider non-minimal coupling
of f (G) with tachyon ﬁeld Lagrangian and discuss the conditions
require for crossing of the cosmological constant boundary in such
theory.
2. Late time acceleration in modiﬁed Gauss–Bonnet gravity








R + f (G)Ld
]
. (1)
Here Ld is dark energy Lagrangian and G is Gauss–Bonnet invari-
ant:
G = R2 − 4Rμν Rμν + Rμνρσ Rμνρσ . (2)








+ 2 f ′(G)LdRRμν
− 4 f ′(G)LdRμρ Rνρ + 2 f ′(G)LdRμρσλRνρσλ
+ 4 f ′(G)LdRμρσν Rρσ + 2
(
(gμν− ∇μ∇ν) f ′(G)Ld)R
+ 4(∇ρ∇μ f ′(G)Ld)Rνρ + 4(∇ρ∇ν f ′(G)Ld)Rμρ
+ 4( f ′(G)Ld)Rμν − 4(gμν∇λ∇ρ f ′(G)Ld)Rλρ










For a ﬂat Friedman–Robertson–Walker (FRW) space–time with the
metric,
ds2 = −dt2 + a2(t)(dr2 + r2 dΩ2) (5)
(0,0) component of above Eq. (3) has the following form,
0 = − 3
κ2
H2 + G f ′(G)Ld − 24H3 ddt
(
f ′(G)Ld
)+ f (G)ρm (6)
where f ′(G) = df (G)dG .
If we consider free massless scalar ﬁeld
Ld = −12 g
μν∂μϕ∂νϕ (7)














where c is a constant. Now we choose the following function for
f (G) [32]
f (G) = f0Gn, (10)with constants f0 and n. Substituting (9) and (10) in (6), yield to;




a6 f0(H˙ H2 + H4)n+2
× {(1+ 7n)H8 + (4n2 + 12n + 2)H˙ H6
+ n(n + 1)H¨ H5 + (n + 1)(2n + 1)H˙2H4}, (11)
where G in FRW space–time is G = 24(H˙ H2 + H4).
Now we are going to study power like solution of (11)
a = a0tx, H = x
t
, H˙ = − x
t2
, H¨ = 2 x
t3
(12)
by inserting above relations into (11) one ﬁnds, x = 2n+13 . Then
universe accelerates, that is, a¨ > 0 if n > 1 or n < − 12 .







which in our case is ω = 1−2n1+2n . So if n < − 12 , we obtain an effective
phantom while if n > 1 the effective quintessence occurs.
Let us take the case that the second term in (1) is dominant.




(1+7n) , which is
real if n > 12 (1+
√
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Now we generalize Ld to include potential,
Ld = −12 g
μν∂μϕ∂νϕ − V (ϕ). (14)
We try to ﬁnd solution for the following forms of potentials and
scalar ﬁelds;





where V0 and ϕ0 are constants.
After inserting (15) in (6) and assuming f (G) as (10), we ﬁnd
that, m = 2− 2n , this mean that one cannot take arbitrary poten-
tial V , because its form is determined by f (G).1
Let us take again the case that the second term in (1) is domi-
nant. First, from equation of motion for ϕ ,
f (G)(ϕ¨ + 3Hϕ˙) + G˙ f ′(G) = − f (G)V ′(ϕ) (16)
where V ′(ϕ) = dV (ϕ)dϕ , one can obtain
V (ϕ) = nϕ
2(1− n)
(




Then for the solution (15) one gets x = 2n−36(n−1) , which shows cosmic
acceleration if 34 < n < 1 with x > 0. The corresponding effective
equation of state parameter is ωeff = 2n−12n−3 , and we obtain an ef-
fective phantom if 12 < n < 1.
In Ref. [33] modiﬁed Gauss–Bonnet gravity without non-
minimal coupling with Lagrangian of a scalar ﬁeld has been con-
sidered. In the case that f (G) behaves as Eq. (10), for the solu-
tion (12) in the presence of matter, the authors concluded that if
n < 0 the effective phantom era occur but if 0 < n < 12 then the
universe does not reach the phantom phase. So, taking into ac-
count the non-minimal coupling between f (G) and scalar ﬁeld
lead to this result that even for positive n an effective phantom
can occur.
1 We thank the anonymous referee of Physics Letters B for this remark.
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coming from the Einstein and matter can be neglected, then for
f (G) given by (10), the universe is accelerating if n > 0 and the
universe is in phantom phase if n > 14 [33].
3. The ω= −1 crossing with tachyon ﬁeld
Now we are going to explore crossing of the cosmological con-
stant barrier in the model represent by the action (1) but here
scalar ﬁeld is tachyonic which has the following Lagrangian
Ld = −V (T )
√
1+ gμν∂μT ∂ν T , (18)
where T is tachyon ﬁeld and V (T ) is tachyonic potential.
In a ﬂat FRW background with the metric (5), and a homoge-
nous scalar ﬁeld T , the equation of motion can be written as,









H¨ H2 + 2H˙2H + 4H˙H3)T˙ , (19)
where VT (T ) = dV (T )dT .
One can ﬁnd the energy density and pressure generated by the
scalar ﬁeld and modiﬁed Gauss–Bonnet gravity as follows;
ρ = −G f ′V
√









p = G f ′V
√














1− T˙ 2)− f V√1− T˙ 2. (21)
We now study the cosmological evolution of EoS for the present
model. From Eqs. (20) and (21) we have the following expression,

















1− T˙ 2)+ f V T˙ 2√
1− T˙ 2
. (22)
Since ρ + p = (1 + ω)ρ , one needs ρ + p = 0 when ω −→ −1.
To check the possibility of the crossing of the phantom divide line
ω = −1, we have to explore for conditions that ddt (ρ+ p) = 0 when
ω crosses over −1. If we assume T˙ = 0 when ω crosses −1 then
from Eq. (22) at the crossing point, one obtains;




(ρ + p) = −8 f˙ ′V (2H˙2 + 2H H¨ − 3H˙H2)
+ 8H(H2 − 4H˙)( f¨ ′V + f ′ T¨ (VT − V T¨ ))
− 8H2( ...f ′V + 3 f˙ ′ T¨ (VT − V T¨ )
+ f ′ ...T (VT − 3V T¨ )
)
. (24)
Now considering crossing point as a de Sitter point lead to van-
ishing of all time derivatives of f ′(G) and from Eq. (23) one gets
V T = V T¨ . Then in order to Eq. (24) become non-zero, we must
have
...
T = 0. So one can express the conditions require for ω cross-
ing −1 at a de Sitter point as: T˙ = 0, T¨ = 0 and ddtT = 0. There-
fore crossing over ω = −1 must happen before the tachyon po-
tential reaching it’s minimum asymptotically. This is in agreementwith the result of Ref. [34] where the authors have obtained the
same result by adding a higher order derivative operator T in
the Lagrangian of tachyon ﬁeld. But we obtained these result by
considering the non-minimal coupling of tachyon Lagrangian with
f (G) gravity.
4. Conclusion
The recent cosmological observations indicate that the accel-
erated expansion of the universe can be drive by dark energy
component with equation of state across −1. In the present work
we considered a non-minimally coupled modiﬁed Gauss–Bonnet
gravity. The non-minimal coupling parameter was assumed to be
Lagrangian of a scalar ﬁeld which is included kinetic term and
potential as well. For the solutions (15) it was shown that the uni-
verse accelerates if 34 < n < 1 and we obtain an effective phantom
epoch if 12 < n < 1.
Also we obtained the condition for crossing of ω = −1 in f (G)
non-minimally coupled with tachyonic Lagrangian. We showed
that the crossing over ω = −1 must happen before the tachyon
potential reaching it’s minimum asymptotically.
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